Heat and Mass transfer

2-D Heat Conduction in a Finite Cylinder



2-D Heat conduction in a Finite Cylinder
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> Boundary Conditions:

Atr=R,, T=T;, 0<z<L
Atz=0, T=T;, 0<r<R
Atz=LT=T;+f(r), 0<r<R,
Atr =0, T = finite

» Governing Equation:

02T +16T+162T+62T_16T
or2  ror r2d¢p? 0z2 aodt
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» For steady state

02T+ 10T+ 1 02T+52T
or? ror r?d¢p? 0z2

Let us put 8 = T — T, and consider ¢p-symmetry. Then we can write

9’60 106 020 .
5z + e + 3,7 0 Governing Eqn

» The boundary conditions are

atr = Ry, 6 =0, 0<z<L
atr =0, @ is finite, 0<z<L
atz =0, 6 =0, 0<r<R

atz =L, 0= f(r), 0<r<R,
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» We now apply the separation of variables technique by assuming that the
desired solution can be expressed as the product of two functions, one of
which depends only on r while the other depends only on z

0(r,Z) =R(r) Z(z)

32 = R"(r) Z(2) =R'(r) Z(2)
Then > =R Z(z), p R Z(z
320 " 2
and p > =R(r) Z"(z)

» The GE becomes

144 Z,,(Z) _
R()[R )+ R()] 7o
o~ )[R”(r)+ 2R (r)] ZZ((ZZ)) = )2
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Weget Z'"(2)—2°Z(z) =0

Z =Ae * + Be?* (1)
1
R"(r) + ;R’(r) +1’R =0

The form matches with

d?y 1d
—y+——y+y=0

which is Bessel’s equation of zero order

» The solutions are

J,(Ar) is the Bessel function of the first kind of order zero

Y, (Ar) is the Bessel function of the second kind of order zero



Bessel’s functions

> Bessel’s equation of order n: x? d— + x + (x2—=n?)y =0

> Solutions are;

 Bessel’s function of first kind:

R (-1)m X
Jn(x) = (E) z m!T(m+n+ 1) (E)

m=0

2m

 Bessel’s function of second kind:

n-1
6 = 2 {in(5) + ¥} - %mzo (nom =Dt 5y

2Zm—n

where y = 0.5772156 is an Euler’s constant



Bessel’s functions

The complete solution of Bessel’s equation of order zero is

y = AJo(z) + BYy(2)
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Bessel’s functions of order zero
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Bessel’s functions of order zero
» Solution is
0 = [C Jo(Ar) + DYy(Ar)]|Ae~% + Be*?| (3)

Let us apply the boundary conditions
Atr=0, 0 is finite

Wefind atr=0, J,(0)=1, Y,(0)=o0 ; Therefore D=0
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Now
0 = C Jo(Ar)[Ae™** + Be*?] (4)

The next boundary condition is
atz =0, 8 = 0 which gives
Clo(Ar)(A+B) =0
This will yield A = —B

Now

—)lz Az
H—ZCBhQﬂ[ +e]

Or, 0 = C Jy(Ar) sinh Az (5)
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The following boundary condition is
atr = R, 6 = 0; This gives
Jo(ARy) = 0 by requiring that
A assumes discrete values for which
Jo(A,Ry) =0forn=1,2,3,.....00
o = z C,Jo (A,r)sinhd,z (6
n=1,2,3
The remaining boundary condition is

Atz=L 0=f(r)
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FGY= ) CulolUnr)sinh 2,1

n=1,2,3

or, flr) = z A, Jo(A,r)  for 0 <r <R,
n=1,2,3

Now the requirement is to express this as

Ry Ry

F@) o (o 1)dr = j A7 J2( Tdr
0 0

We will get

i ; fR"f(r)rJo(A r)dr
" r]O(A r)dr

n=1,2,3
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Here we will introduce f(r) = T,. Then we can write

ST )y Ay )dr

A
" fORO Tjg (An r)dr

We will also introduce

Recurrence formulae of Bessel functions

> Relation-1

d
a [xn]n(x)] =x" ]n—l(x)

d
—[x ()] = x Jo ()

J'xJo(x)dx:le(x)
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» Relation-2

nZ

a 2
jo xJ3 Qx)dx = = [{J,Q(Aanz + (1 - Azaz)]% (Aa)]

2

Ro R
jo r J()Z(ﬂn rydr = 70[(_31(/1nR0))2 + Jo(ﬂnRo)J
In our case, J, (4 R,)=0

Now in the expression for 4,,, we substitute ¢ = A, and get

T h©S,

R§ 2
7]1 (AnRO)

12 [0 ¢ Jo(©)dg

or, A, = Py
=2 J2(AnRo)
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— 2TO /1nR0]1(/1nR0)
" ARG Ji(AnRo)

or,

2T, 1
AnRo J1(AnRo)

or, A,

Therefore

oo

2T, 1 1

C. — . .
n ARy J1(A,Ry) sinhA, L
n=1,2,3
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Invoking the value of C,, in Eqn. (6), we get

o _ 200 i sinhl,z  Jo(A,7)

TR, A, sinh A L J;(1,Ry)
n=1,2,3

(7)

This is the final expression for the temperature distribution at any (r,z)
location in the domain.

We may recall that T,-T,=f(r)=T,

a(r. z)= 2(T,-T)) <~ sinhAz J,(4r)
| R, 3sAsinhAL J(AR,)
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